In this paper we show that there are several other structures that arise from the functions associated with the maximal arcs of Mathon type. So it is shown that maximal arcs of Mathon type are equivalent to additive partial flocks of the quadratic cone in PG(3, q) and to additive partial q-clans. Further they yield partial ovoids of Q + (5, q), partial spreads of lines of PG(3, q), translation k-arcs of PG(2, q) and m-ovoids of a certain classical generalized quadrangle.
Introduction
A maximal {q(n − 1) + n; n}-arc in a projective plane of order q is a subset of q(n − 1) + n points such that every line meets the set in 0 or n points for some 2 ≤ n ≤ q. For such a maximal arc n is called the degree. In [12] , R. Mathon gave a construction method for maximal arcs in Desarguesian projective planes that generalised a previously known construction of R.H.F. Denniston [1] . We begin by describing this construction method.
In the following the order of the fields will always be even. Let T r be the usual absolute trace map from the finite field GF(q) onto GF (2) . We represent the points of the Desarguesian projective plane PG(2, q) via homogeneous coordinates (a, b, c) over GF(q), lines similarly as triples [u, v, w] over GF(q), and incidence by the usual inner product au + bv + cw = 0. For α, β ∈ GF(q) such that the absolute trace T r(αβ) = 1, and λ ∈ GF(q) * , define F α,β,λ to be the conic F α,β,λ = {(x, y, z) : αx 2 + xy + βy 2 + λz 2 = 0} and let F be the set of all such conics. Note that the non-singular conics in F have the point F 0 = (0, 0, 1) as their nucleus, and they are all disjoint from the line z = 0 which we will denote F ∞ . For given 0 = λ = λ = 0, define a composition F α,β,λ ⊕ F α ,β ,λ = F α⊕α ,β⊕β ,λ+λ * Supported by Ghent University GOA project number 12050300
where the operator ⊕ is defined on GF(q) × GF(q) by
Given some subset C of F, with C = φ and C = {F 0 }, we say C is closed if for every F α,β,λ , F α ,β ,λ ∈ C, with F α,β,λ = F α ,β ,λ , we have that F α⊕α ,β⊕β ,λ+λ is defined and belongs to C. In [12] , the following theorem is proved.
Theorem 1 [12, Thm. 2.4] Let C be a closed set of conics with nucleus F 0 in PG(2, q), q even. Then the union of the points of the conics of C together with F 0 form the points of a degree |C| + 1 maximal arc in PG(2, q).
Note that a closed set of conics may be written in the form where A is a subset of GF(q) − {0} such that A ∪ {0} is closed under addition and p and r are functions from A to GF(q).
In the paper Mathon also gave several classes of examples of new maximal arcs using his method. We shall say that maximal arcs constructed from closed sets of conics are of Mathon type. See also [4] , [3] and [5] for more examples arising using this construction method, as well as structural results on the maximal arcs obtained. We will mention here just two examples.
In 1969, R.H.F. Denniston constructs a class of maximal arcs of the form
where α is a fixed element of GF(q) of non-zero trace, and B is an additive subgroup of GF(q). It is clear that the Denniston maximal arcs are of Mathon type.
) with b 2 = 0 and T r(b 0 ) = 1. Define the quadratic form Q(λ) = T r(b 1 λ+b 2 λ 3 ) on GF(2 h ) * considered as a projective space PG(h− 1, 2), and let A be a subspace of the associated quadric. Then the set
is a closed set of conics giving rise to a maximal arc of degree |A| + 1 (see [5] ). In this paper we show that there are several other structures that arise from the functions associated with the maximal arcs of Mathon type. In Section 2, the existence of maximal arcs of Mathon type is shown to be equivalent to the existence of additive partial flocks of the quadratic cone in PG (3, q) . In Section 3 they are shown to give partial ovoids of Q + (5, q) and partial spreads of lines of PG (3, q) . In Section 4 they are shown to be equivalent to the existence of additive partial q-clans. In Section 5 they are shown to give rise to translation k-arcs in PG(2, q). In Section 6 they are shown to give m-ovoids of a certain classical generalised quadrangle. The paper is concluded by giving another construction of a partial flock from a maximal arc of Mathon type.
Partial flocks from maximal arcs
Let K be a quadratic cone in PG(3, q) with vertex x. A partial flock F of K is a set of disjoint (non-singular) conics on K. A partial flock is complete if it is not contained in a larger partial flock. A flock F of K is a partial flock of size q. If all the planes containing the elements of the partial flock contain a common line, then F is called linear. Partial flocks and their associated structures were studied in [16] .
Suppose the cone K has equation
The vertex x = (1, 0, 0, 0) does not belong to any plane of the partial flock F. There are then k planes Π t , t ∈ {1, . . . , k}, defining the conics of F and we may write their equations in the form
where B is some subset of GF(q), and f and g are functions from B to GF(q). The k conics Π t ∩ K form a partial flock of K if and only if
We now use the functions associated with a closed set of conics to give a partial flock. Suppose A is a subset of GF(q), 0 / ∈ A, and p and q are functions from A to GF(q) that define a closed set of conics. Put B = A ∪ {0}, define functions f and g on B by f (0) = g(0) = 0, and f (t) = tp(t), g(t) = tr(t) for t ∈ A. Now A, p and r define a closed set of conics and the closure property gives us that sp(s) + tp(t) s + t = p(s + t) and sr(s) + tr(t) s + t = r(s + t), for s, t ∈ A, with s = t.
Since s + t ∈ A then the trace condition for the closed set of conics gives that
It follows immediately that f , g and B define a partial flock. The equations (1) show that the functions f and g arising from a closed set of conics have the interesting property that they are additive on B, and also that B must be closed under addition. A partial flock with these properties will be called additive.
Conversely, suppose there are given an additive partial flock with functions f and g on an additive subgroup B of GF(q). We may define A = B − {0}, and functions p(t) = f (t)/t and r(t) = g(t)/t, t ∈ A, and it is readily checked that these functions have the required trace and closure conditions on A to give a closed set of conics, and hence a maximal arc in PG(2, q). We have the following theorem.
Theorem 2
A maximal arc of degree n of Mathon type gives rise to an additive partial flock of size n of the quadratic cone in PG(3, q), and conversely.
Assume that F is a maximal arc of degree n of Mathon type and that the corresponding partial flock is linear. Calculating the line of intersection of pairs of planes of the partial flock and noting that it must be in the plane with equation X 0 = 0, it follows that F is a Denniston maximal arc. Conversely, if F is the Denniston maximal arc described in Section 1, then clearly the corresponding partial flock is linear.
When B = GF(q), additive flocks are known as semifield flocks. In [8] , N.L. Johnson showed that when q is even every semifield flock is linear; clearly this is not the case when B = GF(q).
The additive partial flocks are particularly nice in that they admit a regular abelian group acting on them. Define a set of matrices G F as follows:
Then it is easily verified that G F is an abelian group that acts regularly on the planes of the flock and also fixes the quadratic cone K. This is in sharp contrast to the collineation stabilisers of the maximal arcs arising from closed sets of conics. In many cases these stabilisers are trivial.
3 Partial ovoids of Q + (5, q) and partial spreads of PG (3, q) In this section we show that the functions associated with a maximal arc of Mathon type give rise to (nice) partial ovoids of Q + (5, q) and (nice) partial spreads of PG(3, q). We use the following construction of Walker [21] and Thas (unpublished) which was originally used to construct spreads of PG(3, q) from flocks, but works equally well to construct partial spreads from partial flocks.
Let π 1 , π 2 , . . . , π k be the planes of a partial flock F of a quadratic cone K with vertex x in PG(3, q). Embed the cone K in the Klein quadric Q + (5, q), denote the polar plane of π i with respect to Q + (5, q) by π ⊥ i , and let C i be the conic π
Notice that each of the planes π i is contained within x ⊥ , and so each C i contains x. Further for i = j, C i ∩ C j = {x}, since the planes π ⊥ i all meet in the common tangent line given by the perp of the PG(3, q) containing K. Now, since π i ∩ π j is an exterior line of Q + (5, q) for i = j, it follows that the span π
in an elliptic quadric of some three-dimensional space and so contains no lines of Q + (5, q). Hence the union of the conics O = C 1 ∪ · · · ∪ C k is a partial ovoid of Q + (5, q) of size kq + 1. In the Klein correspondence (see [6] ) the points of Q + (5, q) are in one to one correspondence with the lines of PG(3, q). Further, a partial ovoid of Q + (5, q) corresponds with a partial spread of lines of PG(3, q) (i.e. a set of pairwise skew lines in PG(3, q)).
Suppose we have a maximal arc of degree n of Mathon type defined by functions p and r on some subset A of GF(q). Define p(0) = r(0) = 0. By Theorem 2 we get a partial flock, and hence a partial ovoid of
Further, the sets
, form a partial spread S of lines of PG(3, q). Gevaert and Johnson [2] also show that the partial spread admits the following abelian group in its collineation stabiliser:
The group R fixes L ∞ , and each of its orbits together with L ∞ forms a regulus (family of generators of a hyperbolic quadric) in PG (3, q) .
Using the additivity of the partial flock that arises from a maximal arc of Mathon type, it is readily verified that the following set E of matrices forms an abelian group that also stabilises S :
It is easy to check that the elements of E and R commute and generate a group G S = E, R of order nq. In fact G S acts regularly on the lines of S − {L ∞ }. So the partial spreads arising from maximal arcs of Mathon type admit an abelian group of projectivities that fixes a single line of the partial spread and acts regularly on the rest of the lines. It also follows that the partial ovoids admit an abelian group of projectivities fixing Q + (5, q) that fixes one point of the ovoid and acts regularly on the remaining points.
Since we are assuming that q is even, if the partial flock is an (additive) flock, the partial ovoid is an ovoid which is a non-singular elliptic quadric in some three dimensional subspace of PG(5, q), and the partial spread is a regular spread [8] .
Partial q-clans
Let C = {A t : t ∈ GF(q)} be a family of q distinct 2 × 2 matrices with entries in GF(q). Then C is called a q-clan if A u − A r is anisotropic for any u = r, that is, if
has just the solution x = y = 0. Suppose that q is even, and let C = {A t : t ∈ GF(q)} have matrices of the form
Then C is a q-clan if and only if T r (a s + a t )(c s + c t ) (b s + b t ) 2 = 1 and b s = b t , for all s, t ∈ GF(q), with s = t.
The connections between q-clans, flocks, hyperovals and generalised quadrangles have been much studied. See for instance [14] .
Here we define a partial q-clan, q even, to be a set C = {A t : t ∈ B} of distinct 2 × 2 matrices with entries in GF(q), B ⊆ GF(q), such that the difference of any distinct pair of matrices is anisotropic. We may assume that the matrices of C have the form
where f and g are functions from B to GF(q). In this case the condition on the matrices is that
It is then clear that if we have a maximal arc of Mathon type defined by functions p, r on a subset A of GF(q), then similarly to the flock case the set of matrices
Notice that such a partial q-clan C has the property that it is closed under addition, that is, the sum of any two matrices in C is also in C. Define a partial q-clan to be additive if its matrices are closed under addition. Then it is clear that given an additive partial q-clan with matrices of the form of (2), we can define p(t) = f (t)/t and r(t) = g(t)/t for t ∈ B − {0} and get the following.
Theorem 3
A maximal arc of degree n of Mathon type gives rise to an additive partial q-clan of size n, and conversely.
An interesting transformation to get new q-clans from old is the following which was used in [14, Thm. 1] to construct herds of hyperovals. We apply it to partial q-clans. Suppose we have a partial q-clan of the form
where a is some fixed element of GF(q), q even. Then for any fixed s ∈ GF(q) * such that 1 + s + as 2 = 0, and putting b = a + 1/s + 1/s 2 , the set of matrices
is also a partial q-clan.
Notice that for an additive partial q-clan the new partial q-clan is still additive, so we might wonder if new maximal arcs might be constructed from old using this transformation. If the maximal arc corresponding to the matrices in (3) has functions p(t) = af (t)/t, r(t) = g(t)/t, t = 0, then the functions corresponding to (4) are p (t) = (b/a)p(t), r (t) = (p(t)/a + as 2 r(t) + s)/(1 + s + as 2 ). However, the maximal arcs defined by p, r and p , r are isomorphic. Applying the transformation
, y → y as
and z → z to the equations of the conics of the first maximal arc gives the equations of the conics of the second maximal arc.
Translation k-arcs in PG(2, q)
In a projective plane of order q a k-arc is a set of k points, no three of which are collinear [7] . A k-arc is complete if it is not contained in a (k + 1)-arc. When q is even k is at most q + 2 in which case the arc is known as an hyperoval. A translation hyperoval in PG(2, q), q even, is a hyperoval whose points (up to isomorphism) may be written in the form
where F is an additive function on GF(q), i.e. F (s + t) = F (s) + F (t) for s, t ∈ GF(q) (see [7] ).
We may similarly define a translation k-arc in PG(2, q), q even, as one whose points (up to isomorphism) may be written in the form {(1, F (t), t) : t ∈ B ⊆ GF(q)} ∪ {(0, 1, 0), (0, 0, 1)} where F is an additive function on some additive subgroup B of GF(q). The significance of being a translation (n+2)-arc is that there is a group of translations of order n that acts regularly on the points of K − {(0, 1, 0), (0, 0, 1)}.
In [16] , L. Storme and J.A. Thas show that partial flocks give rise to k-arcs in the Desarguesian projective plane PG(2, q) of order q, q even. In particular the following was proved.
with q even, define a partial flock F of the cone K : 
It then follows from Theorem 2 that a degree n maximal arc in PG(2, q) that is of Mathon type gives rise to (n + 2)-arcs in PG(2, q). If p, r : A → GF(q) are the functions defining the maximal arc, define F (a1,a2) (t) = (a 2 1 tp(t) + a 1 a 2 t + a 2 2 tr(t)) 1 2 for t ∈ A, and F (a1,a2) (0) = 0. It is trivial to check that F (a1,a2) is additive on A ∪ {0} since the functions f (t) = tp(t) and g(t) = tr(t) are, and so the (n + 2)-arcs are translation (n + 2)-arcs.
Theorem 5
The conics with equations p(λ)x 2 + xy + r(λ)y 2 + λz 2 = 0, t ∈ A ⊂ GF(q) together with the point F 0 define a maximal arc of degree n of Mathon type if and only if for all (a 1 , a 2 ) ∈ GF(q) 2 − {(0, 0)}, the set
with F (a1,a2) (t) as above, is a translation (n + 2)-arc of PG(2, q).
Proof. From the comments preceding the theorem the forward implication is clear. Conversely, if we choose a 2 = 0,
2 being additive implies that the function f (t) = tp(t) on A ∪ {0}, with f (0) = 0, is additive on A ∪ {0}; similarly for g(t) = tr(t). Hence the partial flock defined by these two functions on the additive subgroup A ∪ {0} of GF(q) is additive, and so gives a maximal arc of Mathon type by Theorem 2.
It is easily verified that the set of matrices
forms an abelian group of translations stabilising the (n + 2)-arc K (a1,a2) . We conclude this section by considering the completeness of the translation arcs arising from the maximal arcs. First consider the Denniston maximal arc given at the end of the introduction. This has p(t) = 1, r(t) = α, where α is a fixed element of GF(q) of non-zero trace, for every t ∈ A ∪ {0}. The k-arcs are then
These point sets are each a subset of some regular hyperoval [7] , and so are not complete except in the case when A ∪ {0} = GF(q) in which case each K (a1,a2) is a regular hyperoval.
In general it is known that a complete arc has size greater than √ 2q + 1 in PG(2, q) [15] . At the time of writing the largest known degree of maximal arcs of Mathon type that are part of classes and are not of Denniston type are those of Hamilton and Mathon in [5] . These are of degree 2 m+1 in both PG(2, 2 2m ) and PG(2, 2 2m+1 ), m ≥ 2. Hence for these maximal arcs it is possible though perhaps unlikely in general that the associated arcs are complete.
In the planes PG(2, 16) and PG(2, 32) the maximal arcs of Mathon type are classified by computer in [12] . We use the notation from that paper for these maximal arcs. In PG(2, 16), the only non-Denniston maximal arc of Mathon type has degree 8 and is the dual of the Lunelli-Sce hyperoval. Choose ω ∈ GF(16) such that ω 4 + ω = 1; then the functions p(t) = 1, r(t) = ω 11 + ω 10 t + t 3 , for t ∈ 1, ω, ω 2 −{0} define this maximal arc. It is readily checked by computer that the associated 10-arcs in PG(2, 16) are always complete, the only exception being when a 2 = 0 (in which case the arcs are each a subset of some regular hyperoval).
In PG(2, 32), there are 3 non-Denniston maximal arcs of Mathon type of degree 8 and one of degree 16. Computer tests show that none of the degree 8 maximal arcs give complete arcs using the functions given in [12] . The degree 16 maximal arc is the dual of the Cherowitzo hyperoval. Choosing ω ∈ GF(32) such that ω 18 + ω = 1, then taking p(t)
Note that if any of the k-arcs arising from a partial flock is complete, then the partial flock must also be complete (i.e. is not contained in a larger partial flock). Hence the partial flock of size 8 in PG (3, 16) associated with the dual of the Lunelli-Sce hyperoval is complete, as is the partial flock of size 16 in PG(3, 32) associated with the dual of the Cherowitzo hyperoval.
6 m-ovoids of the generalised quadrangle T *
(H)
J.A. Thas [20] and later G. Lunardon [11] with more details, showed the connection between additive flocks of the quadratic cone and translation ovoids of Q(4, q); see also [9, Section 3.6] . In this section we apply the same techniques to partial flocks to give m-ovoids of the generalised quadrangle T * 2 (H), H a regular hyperoval. We refer to [13] for definitions and general background on generalised quadrangles. Recall that an m-ovoid of a generalised quadrangle is a subset of points O such that every line of the generalised quadrangle contains exactly m points of O [18] .
Let H be a regular hyperoval in PG(2, q), i.e. H is the set of points of a non-singular conic with its nucleus, q even. Embed PG(2, q) in PG(3, q). Define an incidence structure T * 2 (H) as follows (see [17] ). The points of T * 2 (H) are the points of PG(3, q) − PG(2, q). The lines of T * 2 (H) are the lines of PG(3, q) that meet PG(2, q) in a unique point of H. Incidence is the incidence induced from the incidence of PG(3, q). Then T * 2 (H) is a generalised quadrangle of order (q − 1, q + 1).
To construct m-ovoids of T * 2 (H) we start with an additive partial flock of size n of the quadratic cone K defined by functions f and g on B ⊆ GF(q) with notation as in Section 2.
We examine the dual space of PG(3, q) with respect to the standard inner product, i.e. a point (a, b, c, d) gets mapped to the plane with equation aX 0 + bX 1 + cX 2 + dX 3 = 0. The vertex x of the cone K then maps to the plane π with equation X 0 = 0. Recall that the nuclei of all the conics contained in K are on a line, l say, through the point x. The generators of K, together with l, map to the set of lines of a dual regular hyperoval H d in π.
A plane π t with equation X 0 + f (t)X 1 + tX 2 + g(t)X 3 = 0 of the partial flock maps to the point (1, f (t), t, g(t)). The line of intersection of a pair of distinct planes π s , π t of the partial flock is disjoint from K, and also from K ∪ {l}, and so the line l st joining the images of π s and π t in the dual space is disjoint from the point set covered by the dual regular hyperoval H d . The point l st ∩ π is readily calculated to be (0, f (s + t), s + t, g(s + t)), using the additivity of the partial flock. Hence if we take the set of points S = {(0, f (t), t, g(t)) : t ∈ B} we get a set of points in π that is disjoint from the dual regular hyperoval.
Suppose that q = 2 r and n = 2 v . Now "blow up" the affine space AG(3, q) = PG(3, q)−PG(2, q) over GF (2) . Then AG(3, q) becomes an affine space AG(3r, 2), with π corresponds the hyperplane at infinity PG(3r − 1, 2) of AG(3r, 2), with the lines of H d correspond (2r − 1)-dimensional subspaces of PG(3r − 1, 2), with the points (1, f (t), t, g(t)) correspond the points of an AG(v, 2). The space at infinity PG(v − 1, 2) of AG(v, 2) is disjoint from the (2r−1)-dimensional subspaces corresponding to the lines of H d . Take the dual in PG(3r −1, 2) of these structures. The dual of the set of subspaces corresponding to the lines of H d is a setH of q + 2 subspaces of dimension r − 1. In fact it is just the set of subspaces that corresponds to a regular hyperoval in PG(2, q). The dual of PG(v − 1, 2) is a subspace PG(3r − v − 1, 2) of dimension 3r − v − 1. Since PG(v − 1, 2) was disjoint from each of the subspaces corresponding to the lines of H d , it follows immediately that PG(3r − v − 1, 2) meets each element of H in a subspace of dimension r − v − 1 over GF (2) .
We construct a new incidence structure T * (H) as follows. The points of T * (H) will be the points of PG(3r, 2) − PG(3r − 1, 2), the lines will be rdimensional subspaces of PG(3r, 2) meeting PG(3r − 1, 2) in an element ofH, incidence is containment. It is clear that T * (H) is isomorphic to the T * 2 (H) constructed above.
Let PG(3r − v, 2) be a subspace of PG(3r, 2) meeting PG(3r − 1, 2) in PG(3r − v − 1, 2), and let O be the points of PG(3r − v, 2) − PG(3r − v − 1, 2). Then dimensional arguments show that every r-dimensional subspace meeting PG(3r − 1, 2) in an element ofH must meet O in an affine space AG(r − v, 2). Hence O is the set of points of an 2 r−v -ovoid of T * (H), and we have the following theorem.
Theorem 6
A maximal arc of degree n of Mathon type in PG(2, q) gives rise to a q/n-ovoid of the generalised quadrangle T * 2 (H), H a regular hyperoval in PG(2, q).
7 Another partial flock from a closed set of conics
Suppose we have a closed set of conics C of size n − 1 in a PG(2, q), q even, with nucleus F 0 . Embed PG(2, q) in PG(3, q), let x be a point of PG(3, q) − PG(2, q), let C be a conic of C, and let K be the quadratic cone with vertex x and base C. Choose a point y on the line joining x to F 0 , y = x, y = F 0 . Projection from the point y then gives a one to one correspondence between the points of K and PG(2, q). Recall that the line F ∞ , given by the equation z = 0, is disjoint from the closed set of conics. Hence we may project the set {F ∞ } ∪ C onto K to get a partial flock of K of size n. However, this partial flock does not appear to have as many nice properties as that arising from the algebraic approach given in previous sections.
Closed sets of conics and embeddings of projective spaces
In the proof of [4, Thm. 8] it is shown that a closed set of conics of size n − 1 defines a projective space over GF (2) , the points being the F α,β,λ of the set, and the lines being the triples {F α,β,λ , F α ,β ,λ , F α,β,λ ⊕ F α ,β ,λ }. Also note that λ λ + λ (α, β, λ) + λ λ + λ (α , β , λ ) = (α ⊕ α , β ⊕ β , λ + λ ).
Hence we get an embedding of PG((log 2 n) − 1, 2) into AG(3, q), where lines of PG((log 2 n) − 1, 2) are subsets of lines of AG(3, q). Projective embeddings were classified by M. Limbos in [10, Thm. 1.4] as follows.
Theorem 7
Let S n be a projective space PG(n, q), n ≥ 3, embedded in a space PG(j, q r ), j < n. Then in PG(n, q r ) ⊃ PG(j, q r ) there is a subspace PG(n − j − 1, q r ) disjoint from PG(j, q r ) such that S n may be described as the projection of a natural embedding of PG(n, q) in PG(n, q r ) from PG(n − j − 1, q r ) onto PG(j, q r ).
So the problem of finding closed sets of conics can be reduced to that of finding embeddings of PG((log 2 n)−1, 2) into AG(3, q) with certain extra properties.
